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Parameter Estimation in Nonlinear Systems
Using Hopfield Neural Networks

Zhenning Hu* and S. N. Balakrishnan'
University of Missouri—Rolla, Rolla, Missouri 65401

A method using the Hopfield neural network is developed for estimating the parameters of a nonlinear system
whose theoretical model is assumed to exist. A linearization procedure is presented, and the errors between the
dynamics of the plant and its model are minimized through a cost function that is equated to the energy function of
a Hopfield neural network. The minimization process yields the weights and biases of the neural network. Proof of
convergence of the modeled parameters to their true values and boundedness of parameter estimates at each step
are provided. Numerical results from a scalar time-varying problem and a complex nine-state aircraft problem

are presented to demonstrate the potential of this method.

1. Introduction

ARAMETER estimation plays a crucial role in the field of

control engineering. If the underlying physics does not lend
itself to derive equations of motion (for example by using Newton’s
second law) easily, then parameter estimates are crucial in arriving
at a model for the process to be studied. Even where equations of
motion are readily derived, accurate estimation of the parameters
associated with the process is crucial for the design of a control
law. Another area where parameter estimation is useful is in the
area of postflight trajectory analysis; a more urgent need arises in
a damaged process or aircraft where quick and accurate estimates
of system parameters can mean the difference between recovery
and total loss. Consequently, there have been and continue to be
numerous studies and development of new methods in the area of
parameter estimation.

The capability of artificial neural networks to model the behav-
ior of large classes of uncertain nonlinear dynamic systems within
a certain accuracy has made them very popular recently in the
areas of signal processing, pattern recognition, system identifica-
tion, and optimal control. Neural networks have a natural advantage
over other methods for online calculations in the sense that they
are massively parallel in their processing structure and, therefore,
take less computation time. Thanks to Hopfield’s work,'~ there has
been a multitude of papers using recurrent neural networks for lin-
ear system solvers, control*~> and pattern recognition.’~® Whereas
feedforward networks are static mapping between two information
domains, the structure of recurrent neural networks incorporates
dynamic behavior through feedback connections. Many researchers
and scientists have begun to use this new tool in their fields. Cichocki
and Unbehauen’s” extensive and thorough research of linear sys-
tems concentrates on algebraic equations. They present several net-
work configurations and compare their speeds in finding inverses
and solutions to linear systems of algebraic equations. Raol ap-
plies recurrent neural networks to linear and time invariant dynamic
systems.'~!2 He has developed a system of equations for parame-
ter estimation using several recurrent networks. The development in
this study is similar to Raol’s'’; however, proofs of convergence and
boundedness are presented and applications include a highly non-
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linear problem. Lyshevsky uses his network mapping strategy'>!* to
identify parameters in a nonlinear system that can be written into a
linear form. Amin et al.'> show special insight into Hopfield' neural
networks and network structure. With their observations, they pro-
pose new recurrent high-order neural networks (see Ref. 5). They
develop Lyapunov-based theorems (see Ref. 13) to show analytical
results with their higher-order recurrent networks, which are more
complex than the networks used in this study. A lot of network
structures and their convergence or robustness analysis are also be-
ing studied by other researchers, such as Kim et al.,'® Kambhampati
et al.,'” and Stubberud et al.'®

In this study, Hopfield recurrent neural networks (HNN) are used
for online estimation of parameters of dynamic systems. There are
a few papers in the literature that show this kind of neural net-
work’s potential for parameter estimation. The focus of this study
is to develop an algorithm to deal with nonlinear systems that are
more common in engineering processes and to demonstrate its ef-
fectiveness through applications. Nonlinear and time-varying sys-
tems, including an aircraft, are used as example applications. The
working mechanism of the network with respect to its parameters
in achieving convergence is also discussed.

II. HNN Structure

Dynamics of the HNN are discussed briefly in this section. The
HNN dynamics are characterized by the following system of first-
order differential equations

(e

du; n '
de_t] =—gju;() + ;wjkvk(t) +ij

where

v, (1) = f;[u; (0] @
It is assumed that the nonlinear function f(-) relating the output
v;(¢) of a neuron to its activation potential u;(¢) is a continuous
function and, therefore, differentiable, and that the inverse of the
nonlinear activation function exists, so that one can write

uj (1) = f; v (0] ?3)
According to Refs. 1-3, an energy (Lyapunov) (see Ref. 13) function
of this recurrent neural network is identified as

1 n n n T ~ n )
EZ_E ijkvkvj—{—Zgjv/O fj l(vj)dl)j—leUj

j=1k=1 j=1 j=

“
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The differential equation of Ewith respect to time is

dE = - \ dv;
T Z (Z WjkVk — gjuj + lj) d—;

j=1 \k=1

“ dMJ dl)j - d 1 dl)j
=‘£C-/(E)?=‘;Cf[5ff |5

j=1

n 2
d dv;
=-2. |:de /i l(v'/)} ( dt] ) ©

j=1

For a log sigmoid, tangent sigmoid, and linear activation function,
d 1

—f (wj))=0 6

TR ©)

for all v;(¢). Thus, for the energy function E just defined,

dE
i 0 (7
for v; # 0. Note the following:
1) This function E is a Lyapunov (see Ref. 13) function of the
HNN.!
2) The model is stable in accordance with Lyapunov’s (see
Ref. 13) theorem.

III. Parameter Estimation of Dynamic Systems

This section describes a general nonlinear dynamic system and
then presents the steps to linearize it. It then shows how the states
of the system can be used to derive the values for the weights and
biases for an HNN. Boundedness of the parameter estimates and
convergence of the proposed method are also shown.

A. Dynamic System Description
Consider the following nonlinear dynamic system described in a
state-space form:

%=F(A,x)+ Bu (8)

where x is a n x 1 vector, # is a p x 1 control input, and F'(A, x)
is a certain kind of nonlinear function that can be described in the
following forms,

Silar, x) Su(an, x) + -+ fim(@m, x)
Sa(az, x) Sar(az,x) + -+ fam(azm, x)
F(A,x)= . = .
fn(anvx) fnl(anlvx)+"’+fnm(anm’x)
Sulanhiy ]+ -+ finlaimhin(x)]
f21 [a21h2] (x)] +---+ f2m [a2mh2m (x)]
= ) €
fnl[anlhnl(x)] +-+ fnm[anmhnm (x)]
[an an - aw]
a dxp . dom
A= . . . . (10)
_anl an2 e anm_ (n x m)
b1 bia blp_
by by -+ Dby
B= . . . . (11)
_bnl an e bnp_ (nxp)

where f; (e, ®)is nonlinear in x.

In F(A,x), each row can have a different number of terms,
my, my, ..., m,. Here, for simplicity, but without losing general-
ity, it is assumed that they all have an equal number, m, of terms.
To identify A and B, which are matrices of parameters associated
with the system, the key point is to get the parameters inside any
nonlinear function as coefficients of individual terms. To realize
this transformation, the given nonlinear dynamic system needs to
be linearized.

B. Nonlinear System Linearization

Linear systems have been studied extensively and are relatively
easy to deal with. To identify parameters in a system that contains
nonlinear terms, like Eq. (8), each nonlinear element f;;(a;;, X) in
F(A,x) is going to be changed into a linear form. However, the
original system should satisfy some criteria to be able to use some
linear representations. The following definitions and theorem are
assumed to hold with respect to the nonlinear systems under study.

Definition 1 (Ref. 19): For an autonomous system, x = f(x),
f(0)=0, that is, x=0 is an equilibrium f is continuously dif-
ferentiable. Let

A
ox o

that is, let A denote the Jacobian matrix of f evalu-

ated at x=0, R(x)= f(x) — Ax. Then, if it turns out that

limyy =o[lIR)]I/llx]I]=0, that is, the Taylor series expansion of

f(x)=Ax+ R(x), the system z = Az, is called the linearization of

the nonlinear system around the equilibrium x = 0.

Definition 2 (Ref. 19): Given the nonautonomous system,

x() = flt, x(@®)] (12)
Suppose that

£(,0)=0, Vi >0 (13)

and that f is a C' function. Define
Az[af(t’x):| (14)

ox

x=0

filt,x) = ft,x) — Al)x (15)

Then, by the definition of the Jacobian, it follows that for fixed > 0,
if it is true that

t,
tim sup 1D _ (16)
el=0,50  Ilx]|
then the system
z=A(0)z(1) an

is called the linearization or linearized system of Eq. (12) around
the origin.

Theorem (Ref. 19): Consider the system (12). Suppose that
Eq. (13) holds and that f() is continuously differentiable. Define
A(t), fi(t,x) as in Eqgs. (14) and (15), respectively, and assume
that 1) Eq. (16) holds, and 2) A() is bounded. Under these condi-
tions, if 0 is an exponentially stable equilibrium of the linear system
7= A(t)z(t), then it is also an exponentially stable equilibrium of
the system (12).

Note, that this theorem and these definitions are all based on
the equilibrium being at the origin. However, this is only for con-
venience and can be relaxed. Note that we can use the results of
Ref. 19 to extend its validity to where the equilibrium need not be
the origin.

We can have

fij[aijhij x)]= fij [aijhij (X*)] + ,fj_//‘aijh,/'j (x*) - (x —x%)

+ AR —x")? (18)
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Because fij[a;;jh;j(x*)] =0 (where x* is the equilibrium point), and
A(x —x*) — 0 because x is in the neighborhood of x*. Then,

Fiilaijhi o1~ £ [aihi; %) Jai iy () - e —x7)
+A@ —x%)? = a8, (x) (19)
where g;;(x) = f/;laijhi;(x*)1h}; (x*) - (¢ — x*). Thus, the whole

nonlinear vector becomes

ai g (x) +angn) + -+ aygim (x)

a2 821(X) + angnx) + -+ + azy gom (X)

F(A,x)= (20)

an18ni (x) + Cln2gn2(x) + -+ A &um (x)

Each row in F (A, x) is now a sum of linear terms in x. Note, that
all of the unknown parameters appear as coefficients of the terms
in F(A,x). Now, the term F(A,x) will be related to the energy
function and weights of the neural networks.

C. Computation of Weights and Biases
The error dynamics between the plant and the model with un-
known parameters are given by

e(A,B,x)=x— F,(A,x) — B;u (21)

The subscript s denotes the system containing estimated parameters.
The energy function of the neural network is defined as

1 (" 1 (7
EA,Bx)=— | eledt=— [ — F,(A,x) — Bu]”
2T J, 2T J,

x [% — F,(A,x) — Byu]dt (22)

where T is time period over which data are collected.

The equilibrium point for the energy function is obtained when
the partial derivatives dE/9dA, and dE /9By are set at zero. The
derivatives of the energy function E with respect to parameters a;;
and b;; are given by

3E 1 [T .
= Xi — (aingin +aingin + -+ + Aim&im)
Baij T 0

P
- Z biuy | - [—gi;1de
k=1
T
== / a;18i1&ij + ai2&in&ij + -+ Qim&im&ij
0

P
+Z birurgij — ).Cigij:| dr (23)

k=1

E_1 [, ( + +- 4 )
an Xi — (di1 8i ai28i C T Aim8im
3191',' T ; i18i1 28i2 8i

k=1

P
- Zbikuk [—u]lde

17
=7 / [aiigitur + aingintk + -+ + Qi Gim Uk
0

k=1

P
+ Z biu? — )&iuk:| dr (24)

If A; and B; are assumed to represent the ith row of A, and B,
respectively, and V as a vector consisting of columns of matrices A
and B, then we get

V=[AT, A}, ..., AT, B[, BI,....B"]

n

T
,a,,l,...an,,,,b“,...blp,.‘.bnl,...bnp]
(25)

Equations (23) and (24) can be rewritten in terms of the elements of
V (Ref. 10), for 1 <s <mn, as

0E _JE
avx a Baij

IE & 1"
= Zv(i—l)mwc(l)?/ gik(x)gij(x) dt
k=1 0

= [a“,...alm,.‘.

v

)4 T
1
+ E Umn+(i71)p+k(t)?‘/0‘ upgij(x)de

k=1

1"
—?/(; X;gij(x)dt (26)
and, formn+1<s <mn+np, as
0E OE
vy - Wz;

9E m 1 T
= i—1m t)— i dr
a0, ;U( Dm +k( )T /(; gk(x)u]

P 17 1 [T
+van+(i—l)p+k(t)?‘/0 Mijdl—T/o Xjujdt

k=1
@7

Now the parameter estimation formulations in Egs. (26) and (27)
can be related in terms of weights of the HNN as

dE mn +np
dv. = Z WV, + I (28)
s

r=1

where W,, are the weights of the HNN to be used in parameter
estimation. /;, represents the biases in the neural network.
For 1 <s <mn,

|7
Wsr=7/ gik(x)gij(x)dr, 1<k<m, r=G—1m+k
0

1 (7
W":f/ ueujdt, 1<k=<p, r=mn+(@-Dp+k
' (29)

LT
Iy =—+ / X;gij(x)de (30)
T J,

Formn+1<s<mn+np,

1 T
Wsr:?\/ gik(x)ujdt, 1§k§m7 r:(l_l)m+k
0
T
/ukujdz, l<k<p, r=mn+@G—-1Dp+k
0

€2y

1 T
I_yrz——\/\ )C,l/tj dr (32)
T 0
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For a more compact representation, define

Gi=[8j1,82 > &iml" (33)
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time step ¢ and 7 + A, it can be shown that

(p? — 2
UJ(I+AI)—UI(I)=M[(XI—ATG,—BTM

)

Note that, in terms of G, the linearized model representation be- 2pc;T ' I
comes x (—gip)] - At (44)
X;=AG;+ Blu (34)
If v; belongs to b;;, then g;; can be changed to u; to get
and the parameter estimation formulation becomes ; ( 5 5 )
i\pP”— 5
dE . o ()= — N V(. — ATGg. — BT
=WV @s) ~ wUrANuO=— 0 [( = A7 G~ B )
where W (weight) and [ (bias) are set as follows: x (_”./)] - At 45)
[(GiGT) 0 0 (Gu") o0 i
0 (G.GY) 0 0 (Gu")
R 0 (G.GI) 0 0 (Guu™)
W=— . , dr (36)
T Jo | (uGT) 0 0 (uu”) 0 0
0 (uGY) 0 0 (uu’) 0
0 0 (uGT) 0 0 (uu")
L = (mn +np)x(mn+ np)
1 r T
_ C T\ (e T . . . .
I= 7 /0 [(lel ) (XZGz) .. (x,,Gf) (xluT) (xzuT) ... (x,luT) ](mn+nmx ,dr 37

Now, this formulation has to be related to the dynamics of an HNN.
The network dynamics can be written in the following form’:

dv dE

= =—u(WV +1 38
I av w(WV +1) (33)
To find the expression for u, a tangent sigmoid activation function

is chosen, and Eq. (5) is rewritten to obtain

aw [ 18 ] LE
de {1/[dtf (v’)“cj dr
L L (39)
- d'Ujf v] C_,' dvj
where
_ 1 —e it
Uj:f(”j)zpm (40)
From Eq. (40),
d 2p
e Y= 41
a = (1)

By the insertion of Eq. (41) into Eq. (38), it can be shown that

dy, % (0*—v]) dE

= 42
dt 2pc; dv; “42)
A comparison of Eq. (41) with Eq. (37) shows that
A ,02 —v?
_ul ) )
2pc;
and n= dlag[:u/l M2 oo Hmn +np]-

D. Boundedness Analysis

In this section, a proof of boundedness of estimates at each step
is outlined. By the discretization of Eq. (42), the use of Egs. (23),
(24), and (34) in parameter v;, and under the assumption of a small

Because ||A;(t)]| <oo and |F;(A,x)— AiTG,« II/llx]l = O as
lx|| = x* (from the linearization theorem), x; — A’ G; — B'u =
o(GiTG,«) is a second-order term. Because p > v;[v; = f(u;) =
pl(1 — e ") /(1 4+ e~*"i)], where f — =+ p asu; - =+ oo and
AL, pj=—[A (p? — v?)/2pcj] is bounded. (Usually the pa-
rameter p is picked as a high value but can be different for each
row.) Because g;;(x)is bounded at each x and u;, the control sig-
nal is bounded. This implies that Av; (At) = ||v; (r + At) —v; (1) ]| is
bounded.

E. Convergence Analysis

In this section, the proof convergence of modeled parameters to
their true values is presented. Note that this proof is applicable for
both time-invariant and time-varying parameters. From Eq. (20), the
nonlinear function is rewritten as

ATG,
ATG
FAx=|""
ATG,
(AT)lxm 0 0
0 (Ag)lxm 0
0 0 (An),
- xm nx (mxn)
G,
Gy
X ) = A;G; (46)
—G" (mxn)x1
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omitting the argument x with G, and where

az| (AQ'”" ol
0 0 (A,{)lxm nx (mxn)
G
G,
Gi=| |
G” (mxn)x1

The cost function in terms of these parameters is
1 T
E= T / (& — A;G, — Ba)" (x — A,G, — Bu) dt  (47)
0

The right-hand side of Eq. (46) can be expanded as
1 T
=57 (GTATAG, +u"Blu+ Gl A] Bu
0
+u" BT A,Gx — %A,G, — GTAT% — " Bu
—u" Bl +&"i)di (48)

To help with derivations further, the following trace operations are
used:

(ATB'CD)y 1 =t(BAD"C"), (49)
By observation that the left part of Eq. (49) is a scalar,
(DTCTBA) x 1 =tr(BADTCT) (50)
It is also easy to see from Egs. (49) and (50) that
(A"B" D)1 =tr(BAD"), | (51
(D"BA); 1 =t(BAD"), (52)

Thus, Eq. (48) is rearranged by the use of results produced by
Eqgs. (49-52) as

1 [ 1 [
E=u|A|=—= | G,Gldt)Al|+u|B| — [ wu"dr)B/
2T J, : 2T J,
1 [ 1 [
+tr|A [ — Gau"dt|BT | — | A, —= G,xTdt
2T J, 2T J,
T T
1 o 1 .
—tr| By| — ux' dt + — x xdt (53)
2T J, 2T J,

Two other important trace operations are given by

9
—tr(ABAT)=2AB 54
7 r( ) (54)
itr(ABD):DTBT (55)
9A

By the use of Eqgs. (54) and (55), and with x = F,(A,x) + Byu=
A,G, + B,u, the following equations can be obtained:

3 1 (" 1 (7
tr| A, | — G,GTdt |AT | = A, = G,GT dr
dA, 2T J, T J,

(56)

9 1 [
tr| B, [ — uu” dt |BI | =0 (57)
dA, 2T J, :

9 1 (7 1 (7
tr| A, —/ Gu"dt |BT | =B, —f uGT dt (58)
DA, T J, T J,
0 t|:A<1/TG(AG +B )dt)]
iy K — s p s U
9A, T J, ! P
1 T
=7 f (A,G, + B,u)GT dt (59)
0
9 17
tr|:BS<—/ u)'cht>:|=O (60)
dA; T J,
1 T
ai tr<?/ xTxdz)zo (61)
s 0

Thus, the derivatives of cost function Eq. (53) with respect to pa-
rameter matrix A, and B, are

90F (A, — A) ! TGGTdt + (B, — B,) ! TGTdt
= s e K s e u
BAS P T 0 s P T 0 N

(62)
Similarly,
o0E (A A)1 TG Tde) + (B B)l ' T ar
=(A; — — U s — = uu
9B, AT ), AT J,
(63)

By the combination of Egs. (61) and (62) and setting them to be

zero for minimum error,
1 T T
—/ G,GT dt / G’ dt
T s
0 0

[As—A, B.—B,] =0

17 T
= / uGT dt / uu” dt
T Jo 0

(64)

~l =

N[ =

or

1 (T|G,GT Gu"
[AX—A BS—B]-— dr=0 (65)
g P )y | wGT

s
or

T
[4s -4, BS_B,,].%/O [ié}[c{;ﬂ]dr:o (66)

From Eq. (65), we find that as long as

T
%f |:(;i|[GT u] dr #0
0

A;— A, and B, — B, asymptotically.
QED

IV. Simulation Results

In this section, two numerical examples are presented that demon-
strate the potential of the HNN-based parameter estimation method
for time-varying and nonlinear systems.
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A. Casel

This case is a scalar example, where the dynamics is non-
linear and the time-varying parameter is embedded inside the
nonlinearity:

X = sin(ax) + bu (67)

where a =t —5 and b= —8. To identify parameter a in this non-
linear dynamic system, the linearization process is used. Because
its equilibrium is at O when unforced, its linearization form is

X=ax + bu (68)

Then, we need to check whether Eq. (67) can be linearized to
Eq. (68). Because

|Isin(ax) — ax|| —0 ©9)
x|l —0 [lx]|

With reference to Definition 1, it can be concluded that Eq. (68) is in-
deed a linearization of Eq. (67). To calculate the relevant weight and
bias, we get, by defining the identified parameters as V = [a, b]7,

(70)

(7

By using the scheme given earlier, we can compute the values
of parameter a and b. Histories of a and b calculations with time
are presented in Figs. 1 and 2. It can be observed that both a and b
approach their correct values very quickly and that the time-varying
a is captured very well. These are shown in Figs. 1-3. The state
history is presented in Fig. 3.

B. Case2

Now a more difficult practical nonlinear higher dimensional prob-
lem in aircraft dynamics is considered.'* The nonlinear estimation
concept developed in Secs. III.B and III.C is used to identify the un-
known parameters of a twin-tail supercritical swept-wing aircraft.
The relevant dynamics are described by a set of nonlinear differential
equations.

19 T T T T T

1) SOOI SOOI SO et —— HNN Resluts | ]
: : : === True Yalues

- L OGO

4F .

Time (sacond)

Fig. 1 History of parameter a (case 1).

B T e R T TTRT T TR

B SR R, S SN

= HMNM Resluts
=7 True Values

3
Time (second)

Fig. 2 History of parameter b (case 1).

Value of state x

x(t) =

ST ™ R R e

I
;g.

€D TS ™’IOR R <

Fig. 3

3
Tima {second)

State trajectory (case 1).

=Ax + Bu + F(x)

+ B

8HR

SHL

SrL
3¢
dr

0
—pcosatan B — rsina tan
c31pr + cn(r? — p?)
qcos¢p —rsing
psina — rcosa
Ce1qp + Cce2qr
cnqp — cngr
g tan6sin¢g + r tan6 cos ¢

gcos~' Osing 4+ rcos™ @ cos ¢

(75)
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where C has components that are products of moments of inertia I, I, I,
A= and I,,, which are all constants. Here, v is the forward veloc-
ity (meters per second), « is the angle of attack (radians), g is
F—0.009 053 —024 —98 —046 —0.095 —0.14 0 07 the pitch_ rate (r_adiaps per secongi), 6 is the pitch angle (rad@—
ans), B is the sideslip angle (radians); p is the roll rate (radi-
—0.001 —0.68 1 0 0.12-0.037 0.005 0 0 ans per second), r is the yaw rate (radians per second), ¢ is
0.0002 2.7 =053 O 0.009 0.0062 0.028 0 O the roll angle (radians), v is the yaw angle (radians), yr and
0 0 0 0 0 0 0 00 SHL (arz .the)dgﬂecti(()jn; of thethrig(tlltﬂan? left }gotilizoptzillt stagi{izf;
ers (radians), gr and Sgp are the deflections of the right and le
—0.001 069 042 0.18 —0.72 0.086 -0.150 0 flaps (radians), 8¢ and &g are the canard and rudder deflections
0.00002 1.1 0.041 0.007 —-26 —-49 053 00 (radians).
0.00001 —1.7 0.098 0.011 74 —0.037 082 0 0 The problem is to identify the unknown matrices A, B,
0 0 0 0 0 1 0 00 and C. In accordance with the method outlined in Sec. III,
set the weight W and bias [ with Egs. (36) and (37)
0 0 0 0 0 0 0 0 0] as
[(G,GT) 0 0  (Gu") 0 ]
0 (GGY) 0 0 (Gu')
wo ] /T 0 0 (GoGT) 0 0 (Gou™) d )
= — t
T Jo | (uGT) 0 0 (uu™) 0 0
0 (uGY) 0 0 (uu") 0
L O 0 (”Gg) 0 0 (uu') d175 %175
1 T T
_ . T . T . T . . .
I= T ,/0 [(llcl ) (lZGZ) (lgG‘)) (l‘uT) (leT) (lguT)]ws x1 dr (74)
T T > T
G, = [xl X2 x9 0 O] R G, = [xl X x9 0 0] , G;= [xl Xy ... X9 XeX7 x7—x6]
T T T
G,= [x1 X2 X9 0 O] R Gs= [x1 X3 x9 0 0] R Gg= [x1 X X9 X3Xg x3x7]
T T
G7= [)C] X2 X9 X3Xg —X3X7] N Gg— [)C] X2 Xg 0 ] s G9= [X] X2 X9 0 ]
I=[ii i io]"
B= where
[70.093  0.093 0.045 -0.045 —0.07 —0.137] . L .
~028 —028 —0.0068 —0.0068 0.0049 0 = 2= X2 Yo COS X2 Lan X5 o a7 Sin X2 fan s
-25 =25 —0.59 —0.59 3.5 0 i = i3
0 0 0 0 0 0
0.015 —-0.015 —0.36 0.36 0.083 —0.051 iy = %4 — X3CO8 Xg 4+ X7 sin xg
—-0.24 024 -9.8 9.8 0.26 —0.37
0.38  —0.38 0.19 -0.19 0.52 —4.6 is = X5 — Xg Sin x, + X7 COS X3, ig = X6
0 0 0 0 0 0
0 0 0 0 0 0 i7 =Xx7, ig = X3 — X3 tan x4 sin xg — X7 tan x4 COS Xg
0 0] 0 0 .. . . .
lg =X9g — X3 COS " X4SINnXg — X7CO0S ~ X4COSXg
0 0 0 0
C31 C3 1.0667 0.0156
0 0 0 0 In the numerical experiments, it was observed that the es-
c=1lo o= 0 0 timated values are nearly the same as the true parameter val-
- - ues (differences lie between 0-3%). Figures 4-29 shows the
Ce1  Co2 0.0319  —1.4713 plots of some parameters in A and B. For some of them that
¢ Cn —0.7087 0.0319 do not show full convergence, the last values at the end of
0 0 0 0 the first iteration are used as initial values for the next itera-
tion. All parameters converge after the third pass to steady-state
0 0] 0 (U values.
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Values of 1st row of A matirix
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2
4 Time {sacond)

Time (second)

Fig. 7 Values of B1 from second iteration.
Fig. 4 Values of A1 from first iteration.

Time (second) Time (second)

Fig. 5 Values of B1 from first iteration. Fig. 8 Values of A1 from third iteration.
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Fig. 6 Values of A1 from second iteration. Fig. 9 Values of B1 from third iteration.
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Fig. 10 Values of A2 from first iteration.
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Fig. 11 Values of B2 from first iteration.
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Fig. 12 Values of A3 and C3 of the first iteration.
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Fig. 13 Values of B3 from first iteration.
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Fig. 14 Values of A3 and C3 of the second iteration.
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Fig. 15 Values of B3 from second iteration.
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. 2
Time (second) Tima (second)

Fig. 16 Values of AS from first iteration. Fig. 19 Values of B5, second iteration.

03 05 1 15 2 25 3 35 4 - 05 1 15 2 25 3 35 4
Time (second) Time (second)
Fig. 17 Values of BS, first iteration. Fig. 20 Values of A5, third iteration.

Time (second) " Time (second)

Fig. 18 Values of A5, second iteration. Fig. 21 Values of BS, third iteration.
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1 1
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Fig. 22 Values of A6 and C6 of the first iteration.
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Fig. 23  Values of B6 from first iteration.

Fig. 24

Time (second)

Values of A6 and C6 of the second iteration.
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Values of B6 from second iteration.
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Fig. 26 Values of A7 and C7 of the first iteration.

v 5 - E -

—aflend e -~ Freiennd e ]
v ; :
VS RS S U S PPN SURDIOS S

-5 i i i i i i i

05 1 1.5 2 25 3 35 4
Time (sacond)
Fig. 27 Values of B7 from first iteration.
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Time (sacond)

Fig. 28 Values of A7 and C7 of the second iteration.

The converged values of A, B, and C are given hereafter:

[—0.0090 0.5299 —0.2400 —9.8
—0.001 —0.6874 09976 0
0.0002 27027 —05299 0
0 0 0 0
A= | —0.001 06888 04201 0.1763
0.00002  1.0999  0.0411  0.0069
0.00001 —1.7015 0.0981 0.0109
0 0 0 0
.0 0 0 0
[ 0.0930  0.0930  0.0450
—0.2793  —0.2797 —0.0067
—24.9999  —24.9999  —0.5900

0 0 0
B=| 00150 —0.0150 —0.3600
—0.2400  0.2401  —9.8000
03800  —0.3799  0.1900

0 0 0

0 0 0

-0

0

1.0666

0

c=| o

0.0316

—0.7090

0

L o

Let A1 denote the estimates of first row in the A matrix, Bl
denotes the estimates of the first row in the B matrix, and so on.
The histories of the parameter values are presented vs time. It can
easily be observed that some of the parameters reach convergences
after just one pass, but some of them converge after two or three
passes. To reach convergence, the simulation shows that the neural
network parameters p and A can be chosen arbitrarily, as long as
p > v;. Usually, it was found that larger values of p and A led to
faster convergence. Sometimes, however, they exhibited instability.

Timea (second)

Fig. 29 Values of B7 from second iteration.

—0.4598 —0.0950 —0.1400 0 0
0.1236  0.0370  0.0050 0 0
0.0090  0.0062 0.0279 0 0
0 0 0 00
—0.7159  0.0860 —0.1503 0 0
—26  —49046 05273 0 0
74 —0.0370 08226 0 0
0 1 0 00
0 0 0 0 0]
—0.0450 —0.0700 —0.13007]
—0.0069  0.0048 0
—0.5900  3.5000 0
0 0 0
03600  0.0849  —0.0510
9.8001  0.2599  —0.3701
—0.1890  0.5199  —4.6001
0 0 0
0 0 0o |
0 -
0
0.0156
0
0
—1.4706
0.0312
0
0

V. Conclusions

A method to estimate parameters of model-based time-varying
and time-invariant nonlinear systems has been presented. Effec-
tiveness of the method has been demonstrated through applica-
tions. Because of the massively parallel nature of neural net-
works, this HNN-based technique is a good candidate for on-
line parameter estimation. Note, however, that the underlying
model should accurately reflect the physics of the system. Fur-
thermore, a state estimator may need to be added in the parameter
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estimation loop if the measurements are noisy or all of the states are
not measured.

References

"Hopfield, J., “Neural Networks and Physical Systems with Emergent
Collective Computational Abilities,” Proceedings of the National Academy
of Science, Vol. 79, 1982, pp. 2554-2558.

2Hopfield, J., “Neurons with Graded Response Have Collective Compu-
tational Properties Like Those of Two-State Neurons,” Proceedings of the
National Academy of Science, Vol. 81, 1984, pp. 3088-3092.

3H0pﬁeld, J., and Tank, D., “Neuroal Computation of Decisions In Opti-
mization Problems,” Biological Cybernetics, Vol. 52, 1985, pp. 141-152.

4Cetinkunt, S., and Hsin-Tan, C., “Estimation of Model Parameters of
Linear Structural Systems Using Hopfield Networks,” Journal of Guidance,
Control, and Dynamics, Vol. 17, No. 3, 1993, pp. 621-624.

5 Shen, J., and Balakrishnan, S. N., “A Class of Modified Hopfield Net-
works for Aircraft Identification and Control,” AIAA Paper 96-3428, 1997.

0], agannathan, S., and Lewis, F. L., “Identification of Nonlinear Dynamic
Systems Using Multilayered Neural Networks,” Vol. 132, No. 12, Automat-
ica, 1996, pp. 1707-1712.

"Bruyne, F. D., “A Closed-Loop Relevant Identification of Input-Output
and Noise Dynamics,” Proceedings of the American Control Confer-
ence, American Automatic Control Council, IEEE, Piscataway, NJ, 1998,
pp. 3199-3203.

8Habib, S., and Zaghloul, M., “Concurrent Identification and Control of
System by Applying Standardized Neurocontroller and Neuroplant,” AIAA
Paper 96-3773, 1996.

9Cichocki, A., and Unbehauen, R., “Neural Networks for Solving Systems
of Linear Equations and Related Problems,” IEEE Transactions on Circuits
and Systems, Vol. 39, No. 2, 1992, pp. 124-138.

10Raol, J. R., “Neural Network Based Parameter Estimation of Unstable
Aerospace Dynamic Systems,” IEE Proceedings on Control Theory Appli-
cation, Vol. 141, No. 6, 1994, pp. 114-118.

1Raol, J. R., “Parameter Estimation of State Space Models by Recur-
rent Neural Networks,” IEE Proceedings on Control Theory Application,
Vol. 142, No. 2, 1995, pp. 385-388.

12Rao0l, J. R., “Neural Network Architectures for Parameter Estimation
of Dynamic Systems,” IEE Proceedings on Control Theory Application,
Vol. 143, No. 4, 1996, pp. 387-394.

13Lyshevski, S., “Nonlinear Mapping Technology in System Identifica-
tion,” Proceedings of the American Control Conference, American Auto-
matic Control Council, IEEE, Piscataway, NJ, 1997, pp. 605, 606.

MLyshevski, S., “Nonlinear Identification of Control System,” Proceed-
ings of the American Control Conference, American Automatic Control
Council, IEEE, Piscataway, NJ, 1998, pp. 2366-2370.

15 Amin, S. M., Volker, G., and Rodin, E. Y., “System Identification via
Artificial Neural Networks: Applications to On-line Aircraft Parameter Es-
timation,” ATIAA Paper 97-5612, 1997.

]GKim, Y. H,, Liews, F. L., and Chaouki, T. A., “A Dynamic Recurrent
Neural Network-Based Adaptive Observer for a Class of Nonlinear Sys-
tems,” Automatica, Vol. 133, No. 8, 1997, pp. 1539-1543.

17Kambhampati, C., Craddock, R., Tham, M., and Warwick, K., “An In-
verting Recurrent Neural Network for Internal Model Control of Nonlinear
Systems,” Proceedings of the American Control Conference, American Au-
tomatic Control Council, IEEE, Piscataway, NJ, 1998, pp. 975-979.

18Stubberud, A., ‘Wabgaonkar, H., and Stubberud, S., “A Neural-Network-
Based System Identification Technique,” Proceedings of IEEE Confer-
ence on Decision and Control, 1IEEE, Piscataway, NJ, 1991, pp. 869,
870.

wVidyasagar, M., Nonlinear System Analysis, Prentice—Hall, Upper Sad-
dle River, NJ, 1993.



